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Two-instanton approximation to the Coulomb blockade problem
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We develop the two-instanton approximation to the current-voltage characteristic of a single
electron transistor within the Ambegaokar-Eckern-Scho¨n model. We determine the temperature
and gate voltage dependence of the Coulomb blockade oscillations of the conductance and the
effective charge. We find that a small (in comparison with the charging energy) bias voltage leads to
significant suppression of the Coulomb blockade oscillations and to appearance of the bias-dependent
phase shift.
PACS numbers: 73.23.Hk, 73.43.-f, 73.43.Nq
I. INTRODUCTION
For several decades Coulomb blockade remains a pow-
erful tool for observation of interaction and quantum
effects in single electron devices [1–6]. In particular,
Coulomb blockade restricts an electron transport through
a single electron transistor (SET) at low temperatures
(T ). It is the Coulomb energy Ec = e
2/2C where C de-
notes the total capacitance of a SET, that is responsible
for Coulomb blockade at T ≪ Ec. By changing the gate
voltage Ug one can induced the external charge on the
island, q = CgUg/e, where Cg denotes the gate capaci-
tance. The tunnel junction between the source (drain)
electrode and the island of a SET is characterized by
the dimensionless (in units e2/h) conductance gs (gd).
For gs,d ≪ 1 the orthodox theory of Coulomb blockade
predicts the maximum of the SET conductance (G) at
integer values of q [7]. In the opposite case gs ≫ 1 or
gd ≫ 1, the conductance of a SET has weak Coulomb
blockade oscillations with q [8].
Coulomb blockade can be conveniently described in
the framework of the Ambegaokar-Eckern-Scho¨n (AES)
model [9]. In spite of well-known limitations for its ap-
plication to a realistic SET [6, 10–12], the AES model
adequately describes Coulomb blockade in the limits of
weak and strong tunneling. The AES model arises also
as an effective description of a quantum particle on a ring
in the presence of the ohmic dissipative environment [13].
In completely different context the AES model is known
as the “circular brane model” [14].
Physically, the AES model describes spatially indepen-
dent fluctuations of a voltage on the SET island. Due to
U(1) nature of the corresponding boson variable in the
imaginary time, the AES model possesses a non-trivial
topology which admits topologically non-trivial solutions
of the classical equations of motion (Korshunov instan-
tons) [15,16]. It was shown that non-trivial topology of
the AES model results in existence of the effective charge
Q which is integer quantized in the limit of zero temper-
ature [17,18]. The effective charge is expressed via the
average charge on the island and the anti-symmetrized
current noise. The SET conductance and the effective
charge are analogous to the longitudinal and Hall con-
ductances in the theory of the integer quantum Hall ef-
fect [19]. Recently, the physical meaning of Q in the AES
model has been elucidated for a problem of a quantum
particle on a ring in the presence of dissipative environ-
ment. It was demonstrated [20] that the integer quantiza-
tion of the effective charge is related to the conservation
of the angular moment of the total system: the particle
and the environment.
Present work is motivated by recent experiments on
electron transport via a gold nanoparticle which are ca-
pacitively coupled to the gate electrode and with control-
lable varying coupling to the source and drain electrodes
[21]. The dependence of conductance on a gate voltage
at a given temperature for a set of such SETs has been
measured. The samples were typically characterized by
large total tunneling conductance, g = gs + gd & 1. In
several cases non-sinusoidal oscillations of conductance
with Ug has been observed. In Ref. [21] these oscilla-
tions were attributed to instanton configurations of the
voltage fluctuations in the nanoparticle. However, the de-
tailed theory of these non-sinusoidal Coulomb blockade
oscillations of the conductance has not been developed
so far.
In this paper, we fill this gap and compute the response
function within the two-instanton approximation to the
AES model. The imaginary part of the response function
determines the current-voltage characteristics and, con-
sequently, the conductance. The real part of the response
function together with the average charge determines the
effective charge. We demonstrate that the amplitude of
harmonics of oscillations of the conductance and the ef-
fective charge with q is indeed controlled by a small pa-
rameter, g2Ece
−g/2/(2piT ) ≪ 1, as it was proposed in
Ref. [8] on the basis of one-instanton computations. In
particular, this implies that in the case of weak Coulomb
blockade oscillations, g2Ece
−g/2/(2piT ) ≪ 1, the ampli-
tude of the second harmonic is much smaller than the
amplitude of the first one. For a small bias voltage,
|eV | ≪ Ec, the amplitude of the Coulomb blockade oscil-
lations in the current-voltage characteristics is controlled
by a small parameter g2Ece
−g/2/max{2piT, |eV |} ≪ 1.
There is suppression of the Coulomb blockade oscillations
2with increase of the bias voltage.
The structure of the paper is as follows. In Sec. II we
introduce the AES action and physical observables for
description of a SET. The one and two instanton anal-
ysis of the response function and physical observables is
presented in Sec. III. Discussion of our results and con-
clusions are presented in Sec. IV. Some additional details
are given in Appendix A. We use units with ~ = e = 1
through out the paper except for a some final results.
II. FORMALISM
A. The action
As well-known [6, 10–12], a SET can be described by
the AES action provided the following assumptions are
satisfied: (i) the number of channels in a tunnel junction
is large, (ii) each channel is in the tunneling regime, (iii)
the level spacing for a single-particle states in the island
is small compared to thetemperature, (iv) the Thouless
energy is the largest energy scale in the problem. The
effective action in the imaginary time is given as9
Z =
∫
D[φ] e−S[φ], S[φ] = Sd + St + Sc. (1)
Here the part (β = 1/T )
Sd[φ] =
g
4
β∫
0
dτ1dτ2 α(τ1 − τ2) e
−iφ(τ1)+iφ(τ2) (2)
takes into account the tunneling of electrons between
the island and the reservoirs. It involves the nonlocal
in imaginary time kernel
α(τ) =
T
pi
∑
ωn
|ωn|e
−iωnτ , (3)
where ωn = 2piTn. The term
St[φ] = −iq
β∫
0
dτφ˙. (4)
describes the capacitive coupling between the island and
the gate. The Coulomb interaction between electrons on
the island is taken into account by the term
Sc[φ] =
1
4Ec
∫ β
0
dτ φ˙2. (5)
B. Physical observables
The fundamental physical observable for a SET is the
conductance G. It can be written as
G =
e2
h
glgr
(gl + gr)2
G, (6)
where
G = 4pi Im
∂KR(ω)
∂ω
∣∣∣∣∣
ω→0
. (7)
Here the retarded correlation function KR(ω) can be ob-
tained from the Matsubara function
K(iωn) =
gT
4
∑
ωm
α(iωm+n)D(iωm), (8)
where
D(iωn) =
β∫
0
dτ eiωnτ
〈
e−iφ(τ1)+iφ(0)
〉
(9)
stands for the two-point correlation function of the
Coulomb boson.
In Refs. [17,18] it was shown that in addition to
the conductance a SET is characterized by the effective
charge
Q = Q+Re
∂KR(ω)
∂ω
∣∣∣∣∣
ω→0
. (10)
We remind that Q should be contrasted with the average
charge on the island,
Q = q −
T
2Ec
∂ lnZ
∂q
. (11)
III. INSTANTON ANALYSIS
A. Korshunov instantons
The dissipative part Sd of the AES action has classi-
cal finite action solutions φW (τ), known as Korshunov
instantons [15,16]:
eiφW (τ) =
|W |∑
a=1
u− za
1− uz¯a
, (12)
where u = exp(i2piTτ). An integerW corresponds to the
winding number:
W =
1
2pi
β∫
0
dτφ˙W . (13)
The set of complex parameters {za} parametrizing the
Korshunov instanton lie inside (outside) the unite circle,
|za| < 1 (|za| > 1), forW > 0 (W < 0). In the case of the
instanton with W = ±1, one can identify arg z1/(2piT )
as the position of the voltage fluctuation iφ˙1(τ) in the
imaginary time whereas (1− |z1|
2)/T as its duration.
3The action on the Koshunov instantons is given as fol-
lows
S[φW ] =
g
2
|W | − i2piqW +
pi2T
Ec
|W |∑
a,b=1
1 + zaz¯b
1− zaz¯b
. (14)
It is finite but explicitly depends on the set {za} due
to the presence of the term with the charging energy.
Therefore, in the limit Ec ≫ pi
2T the configurations with
|za| → 1 are suppressed. One could omit the last term
in Eq. (14) and treat the set {za} as the instanton zero
modes. However, it is more convenient to keep this term
in the action since with this term all fluctuations around
the Korshunov instanton are massive.
As usual, the partition function can be written as a
sum over different topological sectors
Z =
∞∑
W=−∞
ZW , ZW =
∫
W
D[φ] e−S[φ]. (15)
The subscript W on the integral sign denotes that the
functional integral is taken over fields with the constraint
φ(β) = φ(0) + 2piW. (16)
Provided relations Z¯W = Z−W and ZW ∝ exp(2piiqW )
are hold, the partition function is real and even function
of the external charge q.
If one properly defines Zx as a continuation of ZW from
integers to the real axis, then the physical observables G
and Q can be written as follows [18]
G
4pi
= Im
1
2piiZ
∞∑
W=−∞
∂Zx
∂x
∣∣∣∣∣
x=W
,
Q = Re
1
2piiZ
∞∑
W=−∞
∂Zx
∂x
∣∣∣∣∣
x=W
.
(17)
In view of Eq. (16), the relations (17) indicate that G
and Q describe the response to a change in the boundary
conditions.
Restricting consideration to the gaussian fluctuations
around the Korshunov instantons, one can write the par-
tition function in a given topological sector as [22–24]
ZW
Z0
=
(
g2Ec
2pi2T
)|W |
e−g|W |/2+2piiqW

|W |∏
a=1
∫
d2za
pi


×JW (z) exp

−pi2T
Ec
|W |∑
a,b=1
1 + zaz¯b
1− zaz¯b

 . (18)
Here z = {z1, . . . , z|W |} and the Jacobian JW (z) is as
follows
JW (z) =
1
|W |!
det
∣∣∣∣
∣∣∣∣ 11− zaz¯b
∣∣∣∣
∣∣∣∣ . (19)
We note that the factor |W |! takes into account that all
instanton parameters z1, . . . , zW are equivalent.
Expansion similar to Eq. (15) can be written for a
correlation function of an arbitrary operator O:
〈O〉 =
1
Z
∞∑
W=−∞
OW , OW =
∫
W
D[φ]O[φ]e−S[φ].
(20)
For our purposes it will be enough to take into account
the gaussian fluctuations around the Korshunov instan-
ton in the action only. Then the quantity OW can be
written similarly to Eq. (18):
OW
Z0
=
(
g2Ec
2pi2T
)|W |
e−g|W |/2+2piiqW

|W |∏
a=1
∫
d2za
pi


×JW (z)O[φW ] exp

−pi2T
Ec
|W |∑
a,b=1
1 + zaz¯b
1− zaz¯b

 . (21)
To the second order in exp(−g/2), we can write
〈O〉 = 〈O〉(0) + 〈O〉(1) + 〈O〉(2) + . . . (22)
where 〈O〉(0) = O0/Z0,
〈O〉(1) =
(
O1 +O−1 − 〈O〉
(0)(Z1 + Z−1)
)
/Z0, (23)
and
〈O〉(2) =
O2 +O−2 − 〈O〉
(0)(Z2 + Z−2)
Z0
−〈O〉(1)
Z1 + Z−1
Z0
. (24)
We are interested in the two-point correlation function
(9). Evaluation of 〈O〉(1) for D(iωn) was performed in
Ref. [18]. Below we remind this computation first, and
then evaluate 〈O〉(2).
B. One-instanton contribution 〈O〉(1)
Using Eqs. (18) and (19), we can write Z1/Z0 as
Z1
Z0
=
g2Ec
2pi2T
e−g/2+2piiq
∫
|z|<1
d2z
pi
1
1− |z|2
e
−pi
2T
Ec
1+|z|2
1−|z|2 .
(25)
Evaluating the integral over z in the limit Ec ≫ pi
2T , we
find
Z1
Z0
=
g2Ec
2pi2T
e−g/2+2piiq ln
(
Ece
−γ
2pi2T
)
, (26)
where γ ≈ 0.577 denotes the Euler constant. The clas-
sical value of the two-point correlation function of the
Coulomb boson is given as
D(iωn|φ±1) = β
∮
dudu′
(2pii)2uu′
unu′
−n u− z
1− uz¯
1− u′z¯
u′ − z
.
(27)
4Here the integrals are assumed over the unit circles: |u| =
1 and |u′| = 1. Performing integration over u and u′, one
finds
D(iωn|φ±1) = β
[
|z|2δn,0 + (1− |z|
2)2|z|2(|n|−1)θ(±n)
]
,
(28)
where θ(x) denotes the Heaviside step function with
θ(0) = 0. We note that the classical value of D(iωn)
on the solution φ1 (φ−1) vanishes for ωn < 0 (ωn > 0).
Next evaluating integral over z in Eq. (21) we obtain
〈D(iωn)〉
(1) = −β
g2Ec
2pi2T
e−g/2
[
2 cos(2piq)δn,0
−e2piiq sgnωn
(2piT )2(1 − δn,0)
|ωn|(|ωn|+ 2piT )
]
. (29)
Performing summation over Matsubara frequencies in
Eq. (8), from Eq. (29) we find the following one-
instanton correction to the response functionK(iωn) [18]:
〈K(iωn)〉
(1) =
g3Ec
2pi2
e−g/2
{
e−2piiq
[
ψ
(
1 +
ωn
2piT
)
− ψ(1)
]
− cos(2piq)
∞∑
m=2
1
m
}
. (30)
Here ψ(z) stands for the digamma function.
C. Two-instanton contribution
Using Eqs. (18) and (19), we can write Z2/Z0 as
Z2
Z0
=
1
2
(
g2Ec
2pi2T
)2
e−g+4piiq
∫
|z1,2|<1
d2z1d
2z2
pi2
F−(z1, z2)
× exp
[
−
2pi2T
Ec
(1− |z1z2|
2)F+(z1z2)
]
. (31)
Here we introduce two functions
F±(z1, z2) =
1
(1 − |z1|2)(1− |z2|2)
±
1
(1− z1z¯2)(1 − z¯1z2)
.
(32)
Evaluating the integrals over z1 and z2 under the follow-
ing assumption, Ec ≫ pi
2T , we find
Z2
Z0
=
1
2
(
g2Ec
2pi2T
)2
e−g+4piiq
[
ln2
(
Ece
−γ
2pi2T
)
−
pi2
6
]
. (33)
The classical value of the two-point correlation function
of the Coulomb boson on the two-instanton solution φ±2
is given as
D(iωn|φ±2) = β
∮
dudu′
(2pii)2uu′
unu′
−n u− z1
1− uz¯1
u− z2
1− uz¯2
×
1− u′z¯1
u′ − z1
1− u′z¯2
u′ − z2
. (34)
As above, the integrals are assumed over the unit circles:
|u| = 1 and |u′| = 1. Performing integration over u and
u′, one finds
D(iωn|φ±2) = β
[
θ(±n)
|z1 − z2|2
∣∣∣∣∣z|n|−11 (1− |z1|2)(1 − z1z¯2)
−z
|n|−1
2 (1 − |z2|
2)(1− z¯1z2)
∣∣∣∣∣
2
+ |z1z2|
2δn,0
]
. (35)
We note that the classical value of D(iωn) on the solution
φ2 (φ−2) vanishes for ωn < 0 (ωn > 0). Next, evaluating
the integrals over z1 and z2 in Eq. (21), we obtain
D2 − 〈D〉
(0)Z2
Z0
=
g4E2c
4pi4T
e−g+4piiq
{
ln
(
Ece
−1−γ
2pi2T
)
δn,0
−θ(n)
[ 1
n(n+ 1)
ln
(
Ece
−γ
2pi2T
)
−
2n+ 1
n2(n+ 1)2
]}
. (36)
Hence, using Eq. (24), we find
〈D(iωn)〉
(2) =
g4E2c
4pi4T
e−g
{[
2δn,0 −
(2piT )2(1− δn,0)
|ωn|(|ωn|+ 2piT )
]
× ln
(
Ece
−γ
2pi2T
)
− (1 − δn,0)e
4piiq sgnωn(2piT )2
[ 1
ω2n
−
1
(|ωn|+ 2piT )2
]
+ 2δn,0 cos(4piq)
}
. (37)
Performing summation over Matsubara frequencies in
Eq. (8), we find the following two-instanton correction
to the response function K(iωn):
〈K(iωn)〉
(2) =
g5E2c
4pi4T
e−g
{
e−4piiq
[
ψ′
(
1 +
ωn
2piT
)
− ψ′(1)
]
+
pi2
6
cos(4piq)− ln
(
Ece
−γ
2pi2T
)[
ψ
(
1 +
ωn
2piT
)
−ψ(1)−
∞∑
m=2
1
m
]}
. (38)
It is worthwhile to mention that the two-instanton cor-
rection (38) to the response function K(iωn) contains
terms which are independent of q. As we demonstrate
in Appendix A, these terms are cancelled by the con-
tribution to 〈K(iωn)〉
(0) due to configurations with one
instanton and one anti-instanton. Although, this config-
uration is not the exact solution of the classical equation
of motions for Sd, it provides a significant contribution
to 〈K(iωn)〉
(0). Also, we mention that such q indepen-
dent terms do not contribute to the Coulomb blockade
oscillations. Therefore, we neglect them in what follows.
5D. Final results
Using Eqs. (26) and (33), the partition function can
be written as
lnZ = lnZ0 +
g2Ec
pi2T
e−g/2 ln
(
Ece
−γ
2pi2T
)
cos(2piq)
−
g4E2c
24pi2T 2
e−g
[
cos(4piq) +
6
pi2
ln2
(
Ece
−γ
2pi2T
)]
. (39)
We note that this result coincides with the result of Ref.
[24]. With the help of Eq. (11), we find the average
charge on the island within two-instanton approximation:
Q =q −
g2
pi
e−g/2 ln
(
Ece
−γ
2pi2T
)
sin(2piq)
+
g4Ec
12pi2T
e−g sin(4piq). (40)
Combining together Eqs. (30) and (38), and per-
forming analytic continuation to the real frequencies,
iωn → ω + i0
+, we find
KR(ω) =
iωg
4pi
[
1−
2
g
ln
(
egEc
2pi2T
)
+
2
g
ψ
(
1−
iω
2piT
)]
+
g3Ec
2pi2
e−g/2−2piiq
[
ψ
(
1−
iω
2piT
)
− ψ(1)
]
+
g5E2c
4pi4T
e−g−4piiq
[
ψ′
(
1−
iω
2piT
)
− ψ′(1)
]
.
(41)
Here we add the perturbative result (the first line in Eq.
(41)) [25]. Using Eq. (7) we obtain the conductance of
the SET within the two-instanton approximation:
G = g
[
1−
2
g
ln
(
gEce
1+γ
2pi2T
)]
−
g3Ec
6T
e−g/2 cos(2piq)
+
ζ(3)g5E2c
pi4T 2
e−g cos(4piq). (42)
Here ζ(z) stands for the Riemann zeta function. As one
can see from Eq. (42) the expansion over topological
sectors in the conductance is controlled by the parameter
(g2Ec/T ) exp(−g/2) ≪ 1. In addition, we note small
numerical factors appearing in one- and two-instanton
contributions: 1/6 and ζ(3)/pi4 ≈ 0.01, respectively.
Using Eq. (10), we obtain the effective charge of the
SET within the two-instanton approximation:
Q =q −
g3Ec
24piT
[
1 +
24T
Ec
ln
(
Ece
−γ
2pi2T
)]
e−g/2 cos(2piq)
+
ζ(3)g5E2c
4pi5T 2
[
1 +
pi4T
3ζ(3)Ec
]
e−g cos(4piq). (43)
We note that corrections to unity in the square brackets
in the right hand side of Eq. (43) appear due to the
presence of the average charge in Eq. (10). Within our
assumption, Ec ≫ pi
2T , we can safely neglect them and
obtain
Q = q −
g3Ec
24piT
e−g/2 sin(2piq) +
ζ(3)g5E2c
4pi5T 2
e−g sin(4piq).
(44)
IV. DISCUSSION AND CONCLUSIONS
The result (41) for the response function allows us to
determine the current-voltage characteristic of a SET
within the two-instanton approximation. Introducing
two currents
Is,d = −
2gs,d
gs + gd
ImKR(−Vs,d), (45)
one can find dependence of the current I through a SET
on the bias voltage V = Vs−Vd from the current conser-
vation conditions
I = Is = −Id. (46)
We mention that for evaluation of the right hand side of
Eq. (45) with the help of Eq. (41) one needs to make
the following substitution: q → q(V ) = CgVg + (CsVs +
CdVd). We emphasize that the dependence of the ex-
ternal charge on the bias voltage becomes important at
|V | & Ec and makes the oscillations to be more of non-
sinusoidal type.
In the special case of asymmetric SET, gs ≪ gd, we find
the following result for the current at low bias voltages,
|V | ≪ Ec:
I(V ) = −2
gs
g
ImKR(−V ) (47)
where KR(V ) is given by Eq. (41). Here we as-
sume also that Cs,d ∼ C. As one can see from Eq.
(41) the amplitudes of harmonics of the Coulomb block-
ade oscillations are controlled by a small parameter
g2Ece
−g/2/max{2piT, |V |} ≪ 1. Using Eq. (47), we
obtain the following explicit expression for the differen-
tial conductance ∂I/∂V = (e2/h)(gs/g)G(V ) at 2piT ≪
|V | ≪ Ec:
G(V ) = g
[
1−
2
g
ln
(
gEc
piV
)
+
2g2Ec
piV
e−g/2 sin(2piq)
+
2g2EcT
V 2
e−g/2 cos(2piq)−
2g4E2c
pi2V 2
e−g cos(4piq)
]
. (48)
This result implies that the increase of the bias voltage V
beyond 2piT results in suppression of the Coulomb block-
ade oscillations. In addition the bias voltage leads to a
V dependent shift of minima and maxima of oscillations.
In recent experiments [26,21] the electron transport via
highly asymmetric SET at low temperatures was stud-
ied. For several samples with 1 < g < 10 distinct
6Coulomb blockade oscillations of the conductance have
been measured. The following features have been ob-
served: (i) higher harmonics of oscillations of G become
visible with decrease of the total tunneling conductance
g; (ii) logarithm of the amplitude of the first harmonic is
linear function of g; (iii) amplitudes of harmonics are not
monotonously suppressed with their number in a sample
with g ∼ 3; (iv) the bias voltage V suppresses higher
harmonics of the Coulomb blockade oscillations; (v) no
visible V -dependent phase shift of oscillations were re-
ported. We note that although items (i), (ii) and (iv) are
in qualitative agreement with our theory, observations
(iii) and (v) are formally at odds with the observations
of Refs. [26,21]. We note that feature (iii) can be related
with the fact that the total tunneling conductance is not
large enough (g ∼ 3) such that application of our theory
is questionable.
As future perspectives, it would be interesting to ex-
tend our theory to the non-equilibrium conditions, e.g.
to take into account that the electron distribution func-
tion on the island is different from the Fermi distribution
due to the presence of a bias voltage. Perhaps, this could
be done with the help of recent non-equilibrium general-
ization of the Koshunov instantons [27] and the kinetic
equation for the AES model [28].
In summary, we compute the response function within
the two-instanton approximation to the AES model. This
allows us to determine the temperature and gate voltage
dependence of the Coulomb blockade oscillations in the
conductance and the effective charge. In agreement with
Ref. [8], we found that the amplitudes of harmonics of
the Coulomb blockade oscillations of the conductance and
the effective charge is controlled by a small parameter,
[g2Ece
−g/2/(2piT )] ≪ 1. In particular, this implies that
the amplitude of the second harmonic is much smaller
than the amplitude of the first one. For a small bias volt-
age, |eV | ≪ Ec, the amplitude of the Coulomb blockade
oscillations in the differential conductance is controlled
by a small parameter g2Ece
−g/2/max{2piT, |eV |} ≪ 1.
A finite bias voltage leads to suppression of the Coulomb
blockade oscillations and the appearance a V dependent
phase shift. Our results allows to qualitatively under-
stand some features of experimental findings of Refs.
[26,21].
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Appendix A: Configuration with one instanton and
one anti-instanton
In this appendix we consider the contribution to the
correlation functionD(iωn) due to configuration with one
instanton and anti-instanton:
eiφ1,−1 =
u− z1
1− uz¯1
1− uz¯2
u− z2
, |z1,2| 6 1. (A1)
We note that such configuration is not the solution of
the classical equation of motion for the action (2).The
classical action is given as
S[φ1,−1] = g
(
1−
(1 − |z1|
2)(1− |z2|
2)
|1− z1z¯2|2
)
+
2pi2T
Ec
F−(z1, z2). (A2)
The classical value of the two-point correlation function
of the Coulomb boson is given as
D(iωn|iφ1,−1) = β
∮
dudu′
(2pii)2uu′
unu′
−n u− z1
1− uz¯1
1− uz¯2
u− z2
×
1− u′z¯1
u′ − z1
u′ − z2
1− u′z¯2
. (A3)
Performing integrations over u and u′, we find
D(iωn|φ1,−1) = β
[
δn,0
∣∣∣∣∣1− |z1|
2 − |z2|
2 + z1z¯2
1− z1z¯2
∣∣∣∣∣
2
+θ(−n)|z2|
2(|n|−1)(1− |z2|
2)2
∣∣∣∣∣ z1 − z21− z1z¯2
∣∣∣∣∣
2
+θ(n)|z1|
2(n−1)(1− |z1|
2)2
∣∣∣∣∣ z1 − z21− z1z¯2
∣∣∣∣∣
2]
.
(A4)
After evaluation of integrals over z1 and z2 with logarith-
mic accuracy, we find the contribution due to configura-
tion of instanton and anti-instanton:
〈D(iωn)〉
(1,−1) =
g4E2c
4pi4T
e−g
{
−2δn,0 + (2piT )
2(1 − δn,0)
×
1
|ωn|(|ωn|+ 2piT )
}
ln
Ece
−γ
2pi2T
. (A5)
We note that in this case the factor 1/|W |! in the Ja-
cobian (19) is absent since parameters z1 and z2 in the
ansatz (A1) are distinguishable. As one can see, configu-
ration with instanton and anti-nstanton provides the con-
tribution to the two-point correlation function which can-
cels exactly the term proportional to ln[Ece
−γ/(2pi2T )] in
the contribution due to 2 instantons or 2 anti-instanons,
cf. Eq. (37).
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